Abstract: In this paper we show the existence of uniformly locally attractive solutions for a nonlinear Volterra integral equation of convolution type with a general kernel. We use methods and techniques of fixed point theorems and properties of measure of noncompactness. We extend earlier results obtained in the context of integral equations of fractional order. We give new insights about a new and striking relation between the size of data and the fractional order α > 0 of the kernel k(t) = t α−1 Γ (α) .
Introduction
During the past years the theory of Volterra integral equations have undergone rapid development. The growth has been strongly promoted by the large number of applications that this theory has found in physics, engineering, and biology [8] . In this paper we study uniformly locally attractive solutions in the space BC(R + ) of all real defined, bounded and continuous functions on R + , for the following nonlinear Volterra integral equation of convolution type (1.1) x(t) = g(t, x(t)) + (Ax)(t) t 0 k(t − s)u(t, s, x(s))ds, t ≥ 0, where k ∈ C((0, ∞)) ∩ L 1 loc (R + ) is a scalar kernel, A : BC(R + ) → BC(R + ), g : R + × R → R, and u : R 2 + × R → R satisfy suitable hypotheses. The concept of asymptotic stability of solutions was introduced by Banaś and Rzepka in the article [5, Theorem 2] . See also the remark before the proof of Theorem 2 in [4] , where the existence and asymptotic stability of solutions for the equation (1.1) in the space BC(R + ) with g(t, x) = 0, (Ax)(t) = f (t, x(t)) and k(t) = 1 have been proven. The case (Ax)(t) = x(t) and k(t) = 1 was later analyzed by Hu and Yan [9] , whereas the case (Ax)(t) = 1 and k(t) = 1 was studied in [5] . In the reference [3] , Banaś and O'Regan defined the notion of uniform local attractive solutions, which is equivalent to the concept of asymptotic stability. They studied the existence of solutions that are uniformly locally attractive for the fractional case k(t) = t α−1 Γ(α) , ( 0 < α < 1), g(t, x) = p(t) and (Ax)(t) = f (t, x(t)). An interesting generalization was recently proven by Zhang [12] . The starting point of our research in this paper is the observation that all of these above mentioned models are particular cases of nonlinear Volterra integral equations of convolution type [8] . Then it is natural to ask the following: For which class of kernels k(t) there exist uniformly locally attractive solutions for (1.1)?. We have success into solve this problem for the class of kernels k(t) that merely satisfy
It is interesting to note that the class of kernels defined by k(t) = t α−1 Γ(α) e −δt satisfy our assumption only under a mild restriction on the parameters: α > 0 and δ > 0. This class of kernels naturally appears in the theory of viscoelasticity for nonlinear integral equations of convolution type. They correspond to power type materials in the case 1 < α < 2 and δ = 0 [11, Chapter 5, p.131], and to Maxwell type materials in the case of α = 1 and δ > 0, see [10, Chapter 2, section 2.4]. A concrete example is provided in the last section of this paper. In order to obtain our results, we use the method of measure of noncompactness and a consequence of Darbo-Sadovskii fixed point theorem to prove the existence of uniformly locally attractive solutions under the above described condition of the kernel k. The structure of this paper is as follows: Section 2 is devoted to preliminaries, recalling the definition of uniformly locally attractive solution. We also recall the Schauder fixed point theorem in the context of Hausdorff topological vector spaces. After remind the notion of measure of noncompactness, we mention a generalization of Darbo fixed point theorem due to Aghajani, Banaś and Sabzali [1, Theorem 2.2] that we will call ABS fixed point theorem. See also the book [2] for an updated reference on the theory of measures of noncompactness and their applications. Section 3 shows the existence of at least one uniformly locally attractive solution of (1.1) in the space BC(R + ) by using an application of the ABS fixed point theorem and the method of measure of noncompactness. Finally, in Section 4, we give a concrete example of our main result considering
u(t, s, r) = arctan(|r|) (1 + t 2 + s) γ , γ > 0 and the coupling of the Maxwell and power type materials, in the following kernel
It is interesting to observe that for these choice of the data, and whenever 0 < α < 2γ and
the existence of at least one uniformly locally attractive solution of (1.1) on BC(R + ) can be shown. In particular, this example reveals the existence of a link between the size of A measured by the number c, the size of u measured by the number γ and the fractional order α > 0 of the kernel k(t).
Preliminaries
Let BC(R + ) be the space of all continuous and bounded real valued functions defined on R + := [0, ∞) with the usual norm u := sup
Suppose that Ω is a nonempty subset of BC(R + ).
Definition 2.1 ([3]
). We say that the solutions of Equation (1.1) are locally attractive if there exists x 0 ∈ BC(R + ) and r > 0 such that arbitrary solutions x and y of (1.1)
If in addition, for each > 0 there exists T > 0 such that, for every x, y ∈ B(x 0 , r 0 ) ∩ Ω we have
then the solutions of Equation (1.1) are said uniformly locally attractive on R + .
) Solutions of Equation (1.1) are locally asymptotically attractive if there exists an x 0 ∈ BC(R + ) and r > 0 such that for arbitrary solutions x and y of (1.1) in B(x 0 , r) ∩ Ω, the condition lim t→∞ (x(t) − y(t)) = 0 is satisfied and there is a line which is a common attractor to them on R + . If for each > 0 there exists T > 0 such that |x(t) − y(t)| ≤ for t ≥ T and for all x, y ∈ B(x 0 , r) ∩ Ω, where x, y are the solutions of Equation (1.1) with a line as common attractor, then the solutions of (1.1) are called uniformly locally asymptotically attractive on R + .
Theorem 2.4 (Schauder fixed point theorem)
. Let K be a nonempty convex subset of a Hausdorff topological vector space X. Let T be a continuous mapping from K into itself such that T (K) is contained in a compact subset of K. Then T has a fixed point in K.
In the following we mention some results and facts related to measures of noncompactness. Let E be a Banach space. We denote by X and Conv X the closure and the convex closure of X as a subset of E respectively. Furthermore, we denote by M E the family of all nonempty bounded subsets of E and R E its subfamily consisting of all relatively compact sets.
Definition 2.5 ([6])
. A mapping µ : M E → R + is called a measure of noncompactness in E if it satisfies the following conditions:
(a) The family ker µ := {X ∈ M E : µ(X) = 0 } is nonempty and ker µ ⊂ R E .
(e) For all λ ∈ [0, 1],
The family ker µ defined in (a) is said to be the kernel of the measure of noncompactness µ.
The following result will be the key tool in the proof of our main result.
Theorem 2.6. (ABS fixed point theorem) [1, Theorem 2.2] Let C be a nonempty, bounded, closed, and convex subset of a Banach space E and let T : C → C be a continuous function satisfying
where µ is a measure of noncompactness and φ : R + → R + is a monotone increasing (not necessarily continuous) function with Then T has at least one fixed point in C.
Uniform local attractivity
In this section we investigate attractive solutions of the problem (1.1), that is,
Recall that we had assumed that k ∈ C((0, ∞))∩L
. Precise assumptions will be given below.
Let X ⊂ BC(R + ) be a bounded subset and T > 0 given. For > 0 and x ∈ X we denote
If t ≥ 0 is a fixed number, then let us denote
We will consider in the following the mapping µ defined on the family M BC(R + ) by
It can be shown that µ is a measure of noncompactness on BC(R + ), see [6] .
In order to get solutions of (1.1) using Theorem 2.6, we need the following set of conditions:
(H1) The function g : R + × R → R is continuous, sup t≥0 |g(t, r)| < ∞ for all r ∈ R and there exists p > 0 such that
For convenience, we denote g 0 := sup t≥0 |g(t, 0)|.
(H2) (a) A : BC(R + ) → BC(R + ) is a continuous operator which transforms bounded sets onto bounded ones.
(b) There exists q > 0 such that µ(AX) ≤ qµ(X) for all bounded sets X ⊂ BC(R + ).
(c) There exist nonnegative constants a and b such that
(H3) The function u : R + × R + × R → R is continuous and there exist a continuous function c : R + × R + → R + and a continuous nondecreasing function ϕ : Also, to simplify the notation and achieve more clarity in the proofs, we denote
for T > 0 and > 0, r > 0. Now, we can state and prove the main result of this paper.
Theorem 3.1. Suppose that (H1)-(H4) hold. Then Equation (1.1) has at least one solution in BC(R + ). Moreover, these solutions are uniformly locally attractive.
Proof. Consider the operator V defined on the space BC(R + ) by
First, we prove the existence of a solution. In order to do this, we check that the hypothesis of Theorem 2.6 are fulfilled, dividing the proof in four steps.
Step 1. The space BC(R + ) is invariant under V . Indeed, by (H1) and (H2) we have that g(·, x) and Ax are continuous with respect to t for x ∈ BC(R + ), then we just need to show that U x is continuous in order to prove that V x is continuous as well. Let x ∈ BC(R + ), T > 0, > 0, t 1 , t 2 ∈ [0, T ], t 1 < t 2 be given and satisfying t 2 − t 1 ≤ . Then
, where
c(t, s), and ψ(t 1 , t 2 ) :=
, we obtain from the dominated convergence theorem that
The continuity of k implies that
It follows that ψ(t 1 , t 2 ) → 0 as → 0.
Also, in view of the uniform continuity of the function u(t, s, y)
and the fact that k is locally integrable we have that
and the continuity of V x follows. Next, we prove that V x is bounded for x ∈ BC(R + ). Observe that
Hence V is bounded. Let r 0 > 0 be the real number given in (H4). We set
Step 2. Now, we show that V (C) ⊆ C. Let x ∈ C, then by Step 1 and (H4) one gets
Hence V (C) ⊂ C.
Step 3. We prove that lim sup
for any X ⊆ C. Indeed, let x, y ∈ X and t > 0 be given. Then by (H1), (H2) and (H3) we obtain
This implies that lim sup
Step 4. In this step we show that µ(V (X)) ≤ φ(µ(X)) for any X ⊆ C, where φ(t) := (p + qϕ(r 0 )d)t, for t > 0, and µ is the measure of noncompactness given in (3.1). Firstly we prove that
Now, we take supremum on x ∈ X, and therefore
Letting → 0 we get
0 ) → 0 which follows by the uniform continuity of g and u on compact subsets and the fact that sup{ψ(t 1 , t 2 ) :
Finally, by Step 3 we have
using the Darbo condition (H2) of the operator A. Note that the function φ is nondecreasing and lim n→∞ φ n (t) = 0. It follows from steps 1-4 and Theorem 2.6 that V has a fixed point on B r 0 .
Step 5. Finally, we prove that the solutions of Equation (1.1) are uniformly locally attractive in the sense of Definition 2.1. First of all we define let B , one gets
Hence B is invariant under V . Secondly, let us fix > 0 and take arbitrary functions x, y ∈ B such that x − y ≤ .
Since V (B) ⊂ B and lim sup t→∞ diam B(t) = 0, then there exists T > 0 such that for all t ≥ T we have |(V x)(t) − (V y)(t)| ≤ . Now, for 0 ≤ t < T we get
where the last term goes to zero as → 0, using that A and u are continuous. Therefore, the operator V is continuous on B. Since B belongs to ker µ then by the characterization of sets belonging to ker µ, we conclude that the solutions are uniformly locally attractive.
To finish this section we state a result that incorporate the asymptotic attractivity to the solutions. Next, we impose another assumption on the function g.
(H1)' The function g : R + ×R → R is continuous and there exists a function p : R + → R + such that |g(t, r) − g(t, s)| ≤ p(t)|r − s| for all t ∈ R + and for all r, s ∈ R. Moreover, lim t→∞ p(t) = 0. Proposition 3.3. Under assumptions (H2) − (H4) and (H1) Equation (1.1) has at least one solution x(t) in the space BC(R + ). Moreover, the solutions are uniformly locally asymptotically attractive.
Proof. Since (H1) implies (H1) then there exists a solution of Equation (1.1) in the space BC(R + ). Let x be one of such solutions. Then
An Example
In this last section we illustrate with an example the main result of the paper. Consider the nonlinear integral equation of convolution type of the form
for t ≥ 0, with 0 < α < 2γ, β > 0, γ > 0, δ ∈ R and c < 3 16d 1 , where
In this particular case we have that g(t, r) = t arctan(t + tr) 2 + 3t 2 , Ax = c sin(x(t)) , u(t, s, r) = (1 + t 2 + s) −γ arctan(|r|) , k(t) = 1 Γ(α) t α−1 e −βt cos(δt).
In what follows we show that the functions involved in (4.1) satisfy the hypothesis of Theorem 3.1, that is, (H1)-(H4).
(H1) Note that for r, s ∈ R and t ≥ 0, we have |g(t, r) − g(t, s)| ≤ t (H2) The operator A maps bounded sets onto bounded ones viewed as a mapping on BC(R + ) and, since it satisfies the Lipschitz condition, we have µ(AX) ≤ cµ(X) for all bounded sets X ⊂ BC(R + ). So we can choose q = c. Furthermore we have |(Ax)(t)| ≤ c|x(t)|, so, in this case, we take a = 0 and b = c.
(H3) Let r, s ∈ R and t ≥ 0, then |u(t, s, r)| ≤ (1 + t 2 + s) −γ |r|, so we can take c(t, s) = (1 + t 2 + s) −γ and ϕ(r) = r. On the other hand, since α < 2γ, one gets It follows from Theorem 3.1 that Equation (4.1) has at least one solution, and these solutions are uniformly locally attractive.
